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Abstract

This study investigated children’s understanding of area measurement, including the concept of area and the area
formula of a rectangle, as well as their strategic knowledge for solving area measurement problems. Twenty-two
fourth-graders from three classes of a public elementary school in Taipei, Taiwan, participated in a one-on-one
interview. Results show that the children who had a good understanding of the concept of area and the area formula
(by using the property of multiplication) exhibited competency in identifying geometric shapes, using formulas for
determining areas, and self-correcting mistakes. The children who had a good understanding of multiplication
underlying the area formula, but misunderstood the concept of area, showed some ability to use area formulas.
Conversely, the children who were unable to interpret the property of multiplication underlying the area formula
irrespective of their conceptions of area exhibited the common weaknesses in identifying geometric shapes and
differentiating between area and perimeter.
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1. Introduction

Area measurement, which involves relating numerical quantity to a geometric attribute, is an important domain of
school mathematics (Lehrer, 2003). Moreover, constructing and applying area formulas for measuring areas is an
essential goal for learning area measurement for children in grades 4 to 6 (Council of Chief State School Officers
[CCSSO], 2010; National Council of Teachers of Mathematics [NCTM], 2000; Taiwan Ministry of Education [TME],
2010). However, children’s weaknesses in solving area measurement problems can be gleaned from data sets of
national assessments (e.g., National Assessment of Educational Progress [NAEP] in the U. S.) and international
assessments (e.g., The Trends in International Mathematics and Science Study [TIMSS]). For example, Lin and
Tsai’s (2003) analysis of TIMSS 2003 indicates that only 41.2% of Taiwanese fourth-graders (N=1601) passed the
area measurement problem (M011025). Such a poor performance also occurred among children from other countries,
for example, the average of passing the problem (M011025) for fourth-graders from 23 participating countries was
29.4%. Furthermore, an analysis of the 2011 NAEP-4M9 in the U. S. showed that only 24% of fourth-graders
correctly found the area of a square given perimeter (National Center for Educational Statistics [NCES], 2011).

In the context of area measurement, two phenomena can be drawn often from fourth and fifth graders’ performances
of solving area measurement problems. First, they demonstrated good memorization of an area formula, but were
less able to determine the areas of given configurations successfully (e.g., Bell, Costello, & Kiichemann 1983; Tan,
1998). Second, they have a preference for using the counting-and-addition strategy (Dickson, 1989). Given the
evidence that children may show flexibility in using strategy for solving problems as described by Torbeyns,
Verschaffel, and Ghesquiere (2004), it is argued that the use of the counting strategy, which demands more
procedures, could easily lead to computation errors. Researchers suggest that it is a serious leap for children to move
from using counting strategy to a conceptual understanding of a formula (Battista, 2003; Van de Walle, Karp,
Bay-Williams, 2010). Hence, it is worthwhile investigating how different qualities of children’s understanding of
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area measurement affect their strategies used for solving area measurement problem. Particularly, children who have
been taught area measurement and area formulas.

Furthermore, shape identification, which represents geometric knowledge, lays the foundation for the development
of area formulas of basic shapes (Owens & Outhred, 2006). In particular, a good understanding of area formulas
requires acquisition of the basic shapes and their properties, which in turn helps thinking about the logical
relationships that exist between the formulas (Fuys, Geddes, & Tischler, 1988; Owens & Outhred, 2006). The ability
to indentify the given shapes and to explain how to measure the areas of these shapes (e.g., how the area formulas
can be applied by means of identifying given shapes) is a part of prominent knowledge for understanding area
formulas. Hence, it is argued that children with different levels of understanding of area measurement may
demonstrate different performance in the identification of geometric shapes.

This study aimed at gaining in-depth insight into fourth-grade children’s understanding of area measurement,
including the general concept of area and the area formula of a rectangle, as well as strategic knowledge in solving
area measurement problems. The study examines the following questions:

1) How does the quality of children’s understanding of area measurement affect their strategies for solving area
measurement problems?

2) What is the relationship between the quality of children’s understanding of area measurement and their
performance with regard to shape identification?

2. Theoretical background
2.1 Concepts involved in area and area measurement and the area formula of a rectangle

The general concept of area refers to the amount of a 2-D region within a boundary, while area measurement
concerns measuring the quantity of a surface enclosed within a 2-D region (Lehrer, 2003). Apparently, the latter
knowledge is a more complicated subject-matter domain, one that incorporates the prior concept of area and
measurement skills. Furthermore, determining area can be regarded as “a tiling of the plane with congruent regions
that become units of measure” (Reynolds & Wheatley, 1996, p. 567). The concepts of area measurement can be
elaborated with three essential components: acquisition of shapes, measure, and computation of measure. Thus, the
concept of area and the measurement of area should definitely be differentiated.

Dickson (1989) argued that due to insufficient preparation in the early stages of learning, children are prone to
respond “multiplying length by width” to the word “area” while failing to consider the concept of shape. Since the
differentiation of the concept of area from measuring area, which is a part of preliminary knowledge of area
measurement taught for second-and third-grade students, fourth-grade children who have received more instruction
and experience in measuring areas are assumed to be able to distinguish between the meanings of “area” and
“measure area.”

Understanding the area formula of a rectangle would require conceptualizing the row-by-column structure of a
rectangular array, which is construction and coordination of a unit covered by a geometric shape, based on an
understanding of the property of multiplication (Schifter & Szymaszek, 2003). Through processes of covering up a
rectangle with square units, children observe that “there are the same numbers of units in each row and in each
column” and learn the additivity of area with the unions of grid squares. Furthermore, they should see the
arrangement of columns and rows and meaningfully enumerate arrays of a square by using multiplication. As
children develop more sophisticated procedures for the numeric calculation of grid squares, they can realize that the
formula “Area = Length x Width (A=LxW)” for measuring rectangular figures is a faster alternative than employing
the square counting method (Outhred & Mitchelmore, 2000). Thus, it is argued that seeing the structure of
rectangular arrays should be more sophisticated than seeing the repeated addition model and set model of
multiplication (i.e., 2x3 can be modeled as two groups of 3) (Mulligan & Mitchelmore, 1997).

2.2 Children s strategy used for solving area measurement problems

Using a numerical expression of area (e.g., area formula A=LxW) to represent the measurement of area and
understanding why the particular formula works is a requisite skill involved in area measurement (TME, 2010).
Furthermore, formulas assist us in using “easily made measures to determine indirectly some other measure that is
not so easily found” (Van de Walle, 2004, p. 335). Although there are various ways to solve area measurement
problems, appropriate use of formulas based on conceptual understanding can be considered an efficient strategy
(Lehrer, Jaslow, & Curtis, 2003). Comparatively, the use of counting-and-addition, which involves multiple
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procedures, is likely to result in computation errors (Dickson, 1989).

The previous studies (e.g., Outhred & Mitchelmore, 2000; Reynolds & Wheatley, 1996) indicated that fourth graders
could understand the concept of rectangular arrays and those who adequately understand the row-by-column
structure are competent in applying multiplicative strategy for determining the areas of rectangles. However,
questions about whether children’s execution of multiplicative calculations to determine the areas of rectangles
represents a good understanding of area measurement and the formula A=LxW, and how such an understanding
affects children’s strategies used for measuring areas remain open.

In addition to acquisition of mathematical concepts, strategic knowledge, which is required to help children devise
and monitor a solution, is vital for solving problems successfully (Mayer, 2008). The strategic knowledge of area
measurement, which contains a conceptual understanding of area measurement, procedural fluency, and reflections
on the accuracy of solutions for measuring areas, represents higher-order thinking skills (Lehrer, 2003). Alibali and
Goldin-Meadow (1993) and Mayer (2008) also argued that children who have strategic knowledge of a class of
problems are able to indicate their problem-solving strategies, including problem-solving processes and whether the
solution plan needs to be modified.

Furthermore, Barrett and Clements (2003) and Malloy (1999) argued that a better concept of area and perimeter
grounded on acquisition of geometric concepts. Thus, it is argued that children’s application of area formulas and
their performance in identifying geometric shapes and in modifying their erroneous solutions of area measurement
are related to the quality of understanding of area measurement.

3. Method

This study extends the literature on children’s understanding of area and area formula of a rectangle. This study
reports the interview data which were mentioned informally in the quantitative study in Huang and Witz (2011).

Briefly, in Huang and Witz (2011), there were three fourth-grade classes in a public elementary school in Taipei,
Taiwan, were recruited to undergo instructional treatments of area measurement. Each class was randomly assigned
to receive one of the three treatments concerning area measurement (AM), geometry motions (GM), and both
geometry motions and area measurement (GMAM). The treatments, which took four class-periods to implement,
aimed to guide the children in exploring the area formulas of parallelograms and triangles by using decomposition
and recomposition and the concept of the formula A=LxW. Upon completion of the treatments, all the children were
asked to complete a paper-and-pencil post-test on area measurement. One-on-one interviews, which took about two
consecutive days to complete, were conducted on the day following the post-test.

The interview data analyzed in the present study focused on emergent categories in children’s understanding of area
measurement and in their strategies. (The informal remarks in Huang and Witz (2011) focused on children’s learning
gains from instruction.)

3.1 Participants

Twenty-two fourth-graders (14 boys and 8 girls) participated in the interview, including 20 interviewees who were
randomly selected in each treatment group and two interviewees who volunteered to participate in the interview and
who did not pass the screen-test in Huang and Witz (2011). Their mean age was 10 years (M = 120.00 months, SD =
3.30). Moreover, all of the participants had possessed the knowledge of unit covering and iterations in area
measurement.

3.2 Design of study and structure of interview

One-on-one, task-based interviews were employed to access children’s understanding of the concepts of area
measurement, based on Goldin’s (2000) suggestions. All interviews were audio-taped. The interview consisted of
three parts, including different questions and figures (see Appendix B). Part I aimed at gauging children’s conception
of area by questioning the participants about the meaning of area.

Part II probed the children’s understanding of the formula A=LxW. Participants were provided with a 3x2 rectangular
array and 1cm’® blocks, which were common manipulatives used in mathematics class, to facilitate their explanation.

Part III explored children’s mathematical thinking and their strategies for solving the three area measurement
problems for which area formulas could be simply applied for solving problems (see Appendix A). The rationale for
selecting the problems included two considerations. First, the three problems which consisted of three types of
problems with reference to the revealed problems of the NAEP (National Assessment Governing Board, 2005)
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yielded an effective way to obtain children’s understanding of area measurement and problem-solving strategies.
They were numerical area calculation problems [i.e., the area-of-the-triangle problem with grids (Qla), the
area-of-the-triangle problem without grids (Q2), and the area-of-the-parallelogram problem with grids (Q3)] and
mathematical judgment problems [i.e., the item which demanded mathematical judgments about the perimeter and
area formulas of a rectangle (Q1b)] and explanation problems [i.e., the reasons explained for making the judgment of
Q1b]. Second, children’s understanding of area measurement and area formulas could be assessed from children’s
verbal explanations for explaining the solutions they used to solve problems through interviews, coupled with their
written solutions, as shown on the paper-and-pencil posttest.

The interviewees were shown their answer sheets in the paper-and-pencil test and were asked how they solved each
of the area measurement problems and how they came up with such an approach. If a participant had difficulty in
explaining his/her ideas in response to Part III problems, a short description of the problems or a brief instruction
would be given. An example of the brief instruction given to the participants on solving Q2 of Part III is illustrated in
Appendix C.

Furthermore, when the participants responded to the problems in Part III, the codes “positive” or “negative” were
used to indicate whether or not the names of shapes for explaining thinking of measuring the areas of the given
shapes were clearly indicated (on their own initiative). If, on their own initiative, a participant pointed out the names
of shapes (i.e., without any prompts given from the interviewer) that represented a child’s competency with
identification and naming of shapes and vice verse. Contrarily, the participants who received a brief instruction were
coded “negative” because they did not identify the geometric shapes using their own initiative.

3.3 Data analysis and coding scheme

Two sets of data were analyzed. One focused on the children’s written solutions to the three problems; Qla, Q2, and
Q3. The other focused on the children’s verbal responses to the interview questions about their understanding of area
measurement and mathematical thinking when solving the three given problems, including Q1b.

All interviews were transcribed and the interviewees’ solutions written on the post-test were coded separately. The
coding scheme adopted for each aforementioned analysis is described as follows.

3.3.1 Children’s conceptions of area (Part I)

Children’s conceptions of area were classified into two categories according to their responses. (a) “Conceptual
interpretation”: Children who could explain that area means “the size of a shape surface” or “the amount of surface”
were classified into this category. (b) “Procedural interpretation and misconception”: Children who believed that
multiplying length by width represents the meaning of area do not differentiate the general concept of area from the
meaning of measuring area (Dickson, 1989). Thus, children who asserted that area means “length times width” and
those who indicated incorrect conceptions of area were classified into this category.

3.3.2 Children’s understanding of the area formula of a rectangle (Part II)

There were two categories classified, based on the children’s explanations for the meaning of the area formula of a
rectangle, interpretation of “multiplication” and “non-multiplication.” a. “Multiplication.” This category included
two subcategories according to which model of multiplication that children interpreted. (i) “Array-based approach.”
Children who indicated “2 rows of 3 and 3 columns of 2” or “it is a 2-by-3 array and a 3-by-2 array also” were
classified into this category. (ii) “Set model of multiplication.” Children who were categorized as “set model of
multiplication” could point out “2 groups of 3” or “3 groups of 2”. b. “Non-Multiplication”. Children who could
explain neither the meaning of the formula A=LxW nor the property of multiplication embedded in the rectangular
arrays were classified into this category.

3.3.3 Classification of children’s strategies for area measurement (Part I1I)
The strategies used by the children were classified into three categories according to their written solutions, namely,
“Use-of-the-standard-formulae,” “Multiple-step,” and “Inaccurate.” All of these children’s strategies were primarily

categorized based on the written arithmetical equations and procedures rather than their verbal explanations and the
computation results.

Children categorized as “Use-of-the-standard-formulae” were those who applied appropriately the formulas “Area =
(Base x Height) / 2” (A=BxH/2) and “Area = Base x Height” (A=BxH) for determining the area of a triangle and a
parallelogram, respectively.

Those using ‘Multiple-step’ strategies took more steps to calculate the area. For example, as can be seen in Figure 1,
multiple procedures were used for determining the area of the given parallelogram though the result of computation
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was incorrect. This case was also categorized to “Multiple-step.” Other examples of “Multiple-step” strategies
include counting or re-arranging parts of a parallelogram to form a rectangle coupled with using the formula A=LxW,
as well as square counting, all of which involve multiple procedures.

=1cm?2 o A 3

Ve \ L4 4]

Figure 1: An example of “multiple-step” strategy used for determining the area of the parallelogram

Additionally, participants with ‘inaccurate’ strategies used incorrect or inappropriate procedures, leading to failure in
solving the problems.

3.3.4 Classification of understanding of area measurement

To gauge the relationship between the quality of children’s understanding of area measurement and their strategies
for determining areas, the quality of understanding was classified into different groups based on the children’s
understanding of Area and their interpretations of the area Formula (A=LxW) assessed. In this study, “A” and “F”

denoted understanding of Area and the Formula, respectively. “a” and “f” denoted a lack of understanding of Area
and the Formula, respectively.

Consequently, there were four categories for grouping children’s understanding of area measurement, namely AF, aF,
Af, and af. (a) AF. Children classified as AF were those who not only had a correct conception of area, but were also
able to interpret the formula by using an array-based approach or a set model of multiplication. (b) aF. Children
classified as aF were those who could only explain the formula by using multiplication but at the same time they had
inaccurate conceptions of area. (c) Af. Children classified as Af were those who only had a correct conception of area,
but were unable to interpret the property of multiplication embedded in the formula. (d) af. Children classified as af
were those who had inaccurate conceptions of area; nor could they interpret the multiplication embedded in the
formula.

4. Results
4.1 Coding reliability of children's interview responses and their strategies

All transcripts and interview data were examined and coded by two independent raters according to the categories
and coding schemes described above. For children’s “conception of area,” the results of Kappa analyses were at .93,
p < .001. Moreover, consensus was reached by the two raters on all disagreements. For assessing inter-rater
reliability for the coding of categories of children’s interpretation of the formula A=LxW and strategies, the results of
Kappa analyses were at .89, p <.001 and .79, p < .001, respectively. Additionally, the inter-rater agreement for the
coding of children’s initiative in describing the names of geometric shapes reached 100%.

4.2 Children s understanding of area measurement
4.2.1 Children’s conceptions of the concept of area

Thirteen of the 22 children (13/22) were able to express a conceptual interpretation for the concept of area. For
example, one of the children identified in the category, “conceptual interpretation,” indicated “area means the amount
of a plane figure,” and another child expressed “Area is about ... a plain figure. Then, when you want to calculate its
size, you need to use that ‘length times width’.”

Conversely, nine of the 22 children (9/22) who indicated the area concept with the means of calculating it or had
misconceptions of area were identified as “Procedural interpretation and misconception.” This included five children
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who mixed up the concept of area with measuring area (5/9); two children who believed that multiplying length by
width represents area and perimeter (2/9); and two children who regarded “area” as an object (2/9). Among the two
children who regarded “area” as an object, one child indicated,

“area is ..., is the size of the location of an object, the size of the location.”
while the other child expressed,
“A square. A square is area.”

Table 1 lists the frequency of the categories of children’s conceptions of area and their interpretation of the area
formula of a rectangle.

Table 1: Frequency of children’s conception of area by their interpretation of the meaning of area formula of a
rectangle

Conception of Area Total
Conceptual Procedural
interpretation interpretation and
misconception
n % n % n %
Interpretation of the formula
1. Multiplication
a. Array-based approach 1 4% - - 1 4%
b. Set model of multiplication 10 45% 6 27% 16 73%
2. Non-multiplication
a. Rote-memorization of the formula 1 4% 2 9% 3 14%
b. Counting and misconceptions 1 4% 1 4% 2 9%
Total 13 59% 9 41% 22 100%

4.2.2 Children’s interpretation of the area formula of a rectangle

As Table 1 shows, 17 of 22 children (17/22) were identified as interpretation of “multiplication,” including one child
who used the array-based approach and 16 children who used the “set model of multiplication.” The child who
adopted an array-based approach stated,

“There were 2 rows with 3 squares in each (or 3 columns with 2 squares in each). If this side is the ‘length’ (i.e., the
horizontal side of the 2x3 rectangle) and the other side is the ‘width’ (i.e., the vertical side of the 2x3 rectangle that is
perpendicular to the length side), then the area of the rectangle is 2+2+2=6 or 3+3=6. Thus, we can use
multiplication to calculate the area. So, the area is 2x3=6 (cm?). It is the formula ‘length times width’.”

The remaining 16 children (16/17) described the number of girds shown on the rectangle by using the set model of
multiplication, for example, “If there are 2 groups of tiles and each group consists of 3 tiles, then the total is 6 tiles.”
Nevertheless, they did not explain the structure of rectangular arrays on the basis of coordinating two dimensions of
units.

Five of the 22 children (5/22) who could not explain the meaning of the formula using the property of multiplication
were identified as “non-multiplication.” Among the five children who were classified as “non-multiplication,” three
children indicated directly “length times width” along with pointing out the sides of the rectangle, and two children
whose approach involved counting the grids given on the rectangle without any explanation.

4.2.3 The quality of children’s understanding of area measurement

Children’s responses could be categorized into the four groups which represent different quality of understanding of
area measurement. The number of children categorized into the AF, aF, Af, and af groups were 11 (11/22), six (6/22),
two (2/22), and three (3/22), respectively. All of the Af and af children could not explain why the procedure of

multiplying works for determining the area of a rectangle though they memorized the concept that the area of a
rectangle could be determined by calculating the tiles covering the rectangle or by “length times width.”
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4.3 Relationship between quality of children’s understanding of area measurement and strategies for determining
areas

4.3.1 Children’s strategies for area measurement

Table 2 displays the frequency of the four groups with different quality of understanding and strategies for
determining areas. As shown in Table 2, seven (to 10) of the 11 children who successfully solved the three respective
problems were in the AF group, with most of them identified as formula-users. Moreover, when a grid is not
provided with the figures given, 10 of the 11 AF children (10/11) were formula-users, whereas only one of the six aF
children (1/6) was a formula-user. Conversely, none of the children in the Af or af groups used formulas to solve the
problems.

Table 2: Frequency of different quality of understanding of area measurement and strategies used for determining
the areas of triangles and parallelograms

Question and Strategy AF aF Af af Total
f % % f % S %

Qla. Determine the area of a triangle with a grid given

a. Using formula A=(BxH)/2 10 91% 1 17% - - - - 11

b. Using multiple-step strategies

i. Counting - - 1 17% 2 100% - - 3

ii. Using formula A=L*W and counting - - 2 33% - - - - 2

c. Using inaccurate strategies 1 9% 2 33% - - 3 100% 6
Total 11 100% 6 100% 2 100% 3 100% 22

Q2. Determine the area of a triangle with no grid given

a. Using formula A=(BxH)/2 10 91% 1 17% - - - - 11
b. Using inaccurate strategies 1 9% 5 83% 2 100% 3 100% 11
Total 11 100% 6 100% 2 100% 3 100% 22

Q3. Determine the area of a parallelogram with a grid provided

a. Using formula A=BxH 7 64% 1 17% - - - - 8

b. Using multiple-step strategies

i. Counting - - 3 50% 1 50% 3 100% 7

ii. Using formula A=LxW and counting 2 18% - - - - - - 2

c. Using inaccurate strategies 2 18% 2 33% 1 50% - - 5
Total 11 100% 6 100% 2 100% 3 100% 22

Moreover, the formula users who were from the AF group were more likely to show consistency in using area
formulas for determining the areas of different figures, whereas the Af and af children were less likely to use area
formulas. Looking closely at the aF group, there were only three children that were identified as formula-users.
Furthermore, each of the three formula-users who were in the aF group merely applied a specific area formula for
solving one of the three problems given on the test.

4.3.2 The relationship between the quality of children’s understanding of area measurement and their strategies

To examine the relationship between the quality of children’s understanding of area measurement and their strategies
for determining areas, Chi-square analyses were performed.

The results of Chi-square analyses for solving Qla was y*(6, N = 22) = 25.69, p < .001, and for solving Q2 was x’(3,
N =22)=15.03, p < .01. Not surprisingly, the AF group had a higher percentage of formula-users than the other
three groups.

A close look at the children’s inaccurate strategies for solving Q2, the approach of ‘adding up the lengths of sides of
provided with the figures given’ was found to be frequently adopted by the Af and af groups. In addition, this
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approach, directly applying the area formula of a rectangle, could be found frequently adopted in the aF group.

For area measurement of a parallelogram (Q3), the results showed that the association between the quality of
children’s understanding and their application of the area formula of a parallelogram did not reach significance, y(6,
N=22)=10.55,p =.10.

4.4 Children’s strategic knowledge of area measurement and their initiative in indicating the names of geometric
shapes

The interview data regarding the children’s explanations of their mathematical thinking when solving area
measurement problems revealed distinctive characteristics between the four groups with different quality of
understanding of area measurement. Table 3 summarizes the characteristics of children’s different levels of
understanding and their strategic knowledge in solving area measurement problems. The marked differences existing
among the four groups are described below.

Table 3: Summary of children’s performance in solving area measurement problems according to their quality of
understanding of area measurement

Performance Good understanding Partial understanding Poor understanding
1. Group AF group aF and Af groups af group
2. Conception of the Accurate conception a. aF children had an inaccurate  af children had a
general idea of area conception of area procedural

b. Af children had a procedural ~interpretation or
interpretation or confusion with  misconceptions about

area and measuring area area
3. Ability to explain Able to use array-based a. aF children were able to use Rote memorization of
the meaning of the  approach or set model of  set model of multiplication to the formula or counting
area formula of a multiplication to explain  explain the formula grids without
rectangle the formula b. Af children had a rote explanations for the

memorization of the formula or ~ formula
counting grids without
explanations for the formula

4. Ability to Able to distinguish the Less able to distinguish between Mixed up the two
distinguish between two measures these two measures measures
measuring perimeter
and measuring an

area
5. Strategies for a. Most children were a. Af'and aF groups tended to use a. Used multiple-step
measuring areas formula-users multiple-step strategies, and strategies and

b. Used formulas and less inaccurate strategies, though few inaccurate strategies;
efficient strategies; of children in the aF group b. Likely to use
c. Less likely to use showed some ability to use incorrect strategies
inaccurate strategies formulas. whenever the given
whenever the given b. Both Af'and aF children were  figures were provided
figures were provided likely to use inaccurate strategies with or without grids
with or without grids when grids were not provided

with the figures given
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6. Children’s 9 out of the 11 a. 4 out of the 6 aF children, on 1 out of the 3 children,
initiative of children, on their own their own initiative, described the  on their own initiative,
describing the initiative, described the  names of geometric shapes described the names of
names of names of geometric b. None of the 2 Af children, on geometric shapes
geometric shapes their own initiative, described the
shapes names of geometric shapes

7. Strategic Able to identify and a. aF children were able to a. Less able to identify
knowledge self-correct erroneous identify and self-correct and self-correct
(Identification solutions without any erroneous solutions after being erroneous solutions even
and need of brief provided brief instruction after being provided
self-correction instruction b. Af children were less able to brief instruction
of erroneous identify and self-correct
solutions) erroneous solutions even after

being provided brief instruction

When computing the area of a figure without a provided grid, the AF children were inclined to spontaneously
produce images of a rectangle and a rectangular array. They frequently pointed out, “You can imagine having grids
on the figure even though a grid is not provided.” They tended to explain how the figures can be cut up and
rearranged into a configuration to which previously learned formulas can be applied. An example can be seen in the
written explanations and solution displayed in Figure 2. The solution shown in Figure 2 illustrates that “8x2=16,
16+2=8. Two triangles can form a rectangle. Firstly, I determine the area of the rectangle and calculate the area, and
then divide it by 2.” Even though they gave incorrect solutions on the test, they could identify their errors and
promptly indicate how to correct them.

| =—  8cm =i

Figure 2: An example of a formula-user’s explanation regarding the inferrance and calculations for determining the
area-of-the-triangle

In contrast, children who were in the other three groups needed the assistance of a brief instruction which explained
strategies they could use for solving the area measurement problems. Aided by this instruction, the aF children could
point out the mistakes they made on the posttest and proceed to self-correct their errors.

Finally, the Af'and af children could provide numerical answers or short answers, but were less able to explain their
strategies or how their procedures worked to produce the answer at which they arrived. Moreover, they were less
able to identify and self-correct their errors.

As to children’s initiative toward indicating the names of the geometric shapes, nine of the 11 AF children (9/11) and
four of the six aF children (4/6) explicitly indicated the names of the shapes when they explained the procedures of
measuring areas, whereas only one of the three children who were in the af group (1/3) did so. None of the Af
children indicated the names of the shapes on their own initiative.

Additionally, for justifying the solution statement regarding measuring the area of the given triangle (Q1b), 10 of the
11 AF children (10/11) could make justification and clearly point out the difference between perimeter and
measuring the area of a triangle given, while only two of the six aF children (2/6) did so. The remaining four aF
children and all of the Afand af children could not make justification on Q1b. Furthermore, with provided grids, they
tended to create and arrange 1cm’ square units for area calculation, and the multiple procedures involved made their
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strategies tedious and less efficient. Without provided grids, they frequently used inaccurate strategies, which led to
erroneous solutions.

5. Discussion

In this study, the interview data showed that all the fourth-graders interviewed displayed good memorization skills
regarding the area formula of a rectangle. Nevertheless, approximately two-fifths of the children were found to have
difficulty in differentiating the general concept of area from measuring area. Some of them (5/22) could not explain
the property of multiplication underlying the formula A=LxW. While the quality of their understanding varied,
children with a good understanding exhibited competency in using area formulas, identifying the geometric shapes,
self-correcting the erroneous solutions, and ability to justify the solution statement regarding measuring perimeter
and areas. Contrarily, these characteristics were less likely to be observed in the groups with partial or poor
understanding such as the Af, aF, and af groups.

Based on the above findings, several instructional implications can be drawn for improving children’s understanding
of area measurement and the effectiveness of their strategies for solving area measurement problems.

5.1 Children's understanding of area measurement

These findings suggest that fourth-grade children who have some experience in measuring areas and good
memorization of the formula do not necessarily have an accurate conception of area. Such an observation implies
that children’s concrete experience of tiling and their acquisition of area formulas were not well connected.

Although prior research has suggested that fourth-graders can understand the property of multiplication underlying
the area formula of a rectangle (e.g., Outhred & Mitchelmore, 2000), findings from this study showed that most of
the children’s explanations focused on the set model of multiplication. Seeing the connection of area measurement of
a rectangle to the array-based model of multiplication demands identifying a shape’s spatial components and
integrating components into a row-by-column composite (Schifter & Szymaszek, 2003). Thus, this acquisition is
more sophisticated than the memorization of multiplication and then seeing the set model of multiplication (Lin, Tasi,
& Yang, 2009). These results exhibit that the structure of rectangular arrays may still pose difficulty for some
fourth-graders who have received instruction of area measurement (e.g., the Af and af children). Children’s
insufficiency in understanding of the formula A=LxW, which cannot easily be assessed from either students’
memorization of the area formulas or numerical calculations by means of paper-and-pencil tests. It implies that a
thorough scrutiny of students’ conception of multiplication and their knowledge of 2-D geometry and area-- which
may help instructors obtain more information about students’ latent deficiencies in area measurement should be
considered.

Moreover, since mastering multiplication facts and numerical calculations of area does not represent an
understanding of the structure of rectangular arrays, instructors should go beyond numerical calculations and
memorization of area formulas for strengthening students’ conceptual understanding of area formulas. A thorough
scrutiny of students’ conception of multiplication and their knowledge of 2-D geometry and area
measurement--which may help instructors obtain more information in terms of students’ latent deficiencies in area
measurement--should be considered as an essential part of instruction.

Meanwhile, school mathematics and instruction has a significant impact on students’ learning of mathematics (Ball
& Rowan 2004), the issues regarding the nature of the cultural perspectives on school mathematics and instruction
pervasive in the elementary schools in Taiwan may help explain some of the results regarding the fourth-graders’
tendency to use the set model of multiplication to interpret the meaning of the formula A=LxW. First, compared with
the set model of multiplication problems demonstrated in the textbooks series (from first-grade to fourth-grade) used
in elementary schools in Taiwan, the quantity of the array-based multiplication problems appears much less than that
of set model multiplication problems. Moreover, most Taiwanese teachers’ mathematics teaching tended to follow
the content of the textbooks (Askew, Hodgen, Lossain, & Bretscher, 2010, p. 34). Under this circumstance, when
array-based multiplication problems were displayed less frequently in the textbooks, students may have less
experience in handling the array model of multiplication. Second, elementary school teachers in Taiwan tended to
explain the property of multiplication by using the set model when introducing the rectangular arrays based on
interview data of inservice elementary school teachers (paper in preparation). Perhaps this lack of experience in
handling array-based multiplication problems, coupled with the set model of multiplication introduced for the area
formula of a rectangle received from instruction led to these results. The issue regarding how the content of
mathematics textbooks and instruction influences on children’s interpretation of area formulas needs further
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investigations.

5.2 Relationship between quality of children’s understanding of area measurement and strategies for area
measurement

The findings evidence the significant impact of quality of children’s understanding of area measurement on their
strategies used for solving area measurement problems and on explaining their thinking of measuring areas.
Although use of inaccurate approach happened among the groups, children with good understanding showed
competence in self-correcting mistakes, whereas children with incomplete understanding needed an instructional
assistance for correcting mistakes. These findings echo Rabinowitz, Freeman, and Cohen’s (1992) perspective that
effective strategy use involves more than solely about the strategy; it also involves having knowledge of when and
why a strategy can be used, plus the ability to execute the perceived strategy.

In this study, children with good understanding of area and the area formula (e.g., the AF group) seemed better able
to indicate the shapes and how the various formulas work for determining the areas of given figures than those
children with incomplete understanding (e.g., the Af, aF, and af groups). These findings support the perspective that
the greater the body of geometric knowledge children can access, the more effective their performance when using
that knowledge (Chinnappan, 1998).

Considering the current findings, to what extend do children’s knowledge of area and their understanding of the area
model of multiplication impact on solving area measurement problems? The discussion includes three aspects. First,
in this study, none of the Af'and af children were formula-users. They displayed the common characteristic, a lack of
understanding of the formula A=LxW and inability to apply standard area formulas for determining areas. Moreover,
compared with the Af children, two to three aF children displayed some ability to use area formulas for determining
areas. Although the Af children acquired the concept of area, this acquisition only seems to be insufficient for
effectively using area formulas. Thus, children’s inadequacy in understanding of the area model of multiplication
may potentially impair their application of area formulas for solving problems. Second, compared with the AF
children, the aF children did not display a stable ability to apply the area formulas for determining areas. Also, their
strategic knowledge of area measurement such as using formulas and justifying perimeter and measuring areas did
not seem as stable as the AF children. It suggests that the need for providing instruction clarifying the concepts of
area and measuring areas and area model of multiplication to children who have this incomplete understanding.

Furthermore, these findings regarding Af and af children’s tendency to use counting for determining areas may echo
Siegler and Stern’s (1998) suggestions that children are prone to using a shortcut strategy as long as they have
sufficient knowledge of the strategy and experience in using it to successfully solve problems. Only when children
have insufficient knowledge of the shortcut strategy or when they find it more difficult to solve a problem, do they
tend to adopt backup strategies, such as counting and addition. Although a sign of flexibility can be seen in the
children’s use of strategies for solving area measurement problems, being able to perform counting-and-addition
does not represent a full understanding of the concepts of area measurement or the multiplication property
underlying the structure of rectangular arrays. As suggested by Reynolds and Wheatley (1996), the counting strategy
seems to be an alterative for fourth graders when measuring areas, especially to those children who have an
inadequate understanding of the structure of rectangular arrays.

In a sense, instructors should note that even with full illustration of the complete tiling process, some children may
still fail to grasp the concept of area and the structure of arrays within a rectangular region, and that knowing when to
apply multiplication does not mean that a complete understanding of the area formula of a rectangle has been
achieved. Moreover, instructors must give careful attention to the non-formula-users’ understanding of multiplication
concepts, unit concepts for spatial measurement, and knowledge of 2-D geometry (e.g., Barrett, Cullen, Sarama,
Clements, Klanderman, Miller, & Rumsey, 2011). When children have acquired the concept of the structure of
rectangular arrays, instructors may remove the grids from the given figures to stimulate children to adopt other
strategies instead of the counting-and-addition approach.

5.3 Suggestions for future research and limitation

On the basis of the children’s strategies used in solving area measurement problems, it is clear that children with a
better understanding of area measurement will have greater success in applying formulas to area measurement
problems and will provide clearer explanations of their approaches, in addition to modifying their erroneous
solutions. This is especially true in the application of the formula “A=BxH/2” to determine the area of a triangle,
when no grid has been provided.

As to the limitation of the current study, findings of this study were obtained from a small sample of fourth graders’
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solutions to area measurement problems. The descriptions of children’s conceptions of area measurement discussed
in this study might be viewed as researchable presumptions. These presumptions merit further studies with larger
samples and more area measurement problems to investigate the effectiveness of the instructional suggestions.

Moreover, the study centered on children’s use of the area formulas when solving the area measurement problems on
paper-and-pencil assessments. Future research needs to focus on children who have partial or poor understanding
while exploring their mathematical thinking about multiplication, as well as their difficulty in connecting the concept
of 2-D geometry with area measurement. Whether poor application of the area formulas results from an insufficient
acquisition of 2-D geometry, such as geometric shapes and their properties, also merits further investigations.
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APPENDIX A
Test of area measurement
1. a. What is the area of the shaded triangle? How did you figure out the answer? You may

use equations to explain your ideas.

I\
|
L

b. Tim says, “The area of the triangle is3 +4 +3 +4=14,14+2=7 (em?)”. Do you agree

=1 cm?

with his idea? Why or why not?

2. What is the area of the triangle? How did you figure out the answer? You may use

equations to explain your ideas.

=

2cm

A

f— 8 cm i

3. What is the area of the shaded parallelogram?

=1 cm?
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APPENDIX B
Interview Questions

Part I

(a) “Would you tell me what the meaning of “area’ is?”
Part 11

“Would you tell me the meaning of the area formula ‘Area = Length x Width’ by using the
3 % 2 rectangular array? You may use the 1-cm’ blocks to explain your ideas.” Figure 1

illustrates the 3 x 2 rectangular array shown to the interviewees.

1cm
(_

| =

Y
(9]
3

Figure 1. 3 x 2 rectangular array.
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Part [I1
Qla. “What is the area of the shaded triangle? How did you figure out the answer?
You may use equations to illustrate your ideas.”

“Would you tell me how you solve the problem?”

I\
/ !
|

= 1 ein*

Q1b. “Tim says, ‘The area of the triangle is 3 +4+3 +4=14,14+2=7 (em?)’. Do
you agree with his idea? Why or why not?”
“Would you tell me how you solve the problem?”
Q2. “What is the area of the triangle? How did you figure out the answer? You may
use equations to illustrate your ideas.”
“Would you tell me how you solve the problem?”

T

2cm

— 8 cm —

Q3. “What is the area of the shaded parallelogram?”

“Would you tell me how you solve the problem?”

2
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APPENDIX C
Example of the Brief Instruction Provided by the Interviewer for Measuring the Area of
the Triangle with No Grids Given

Interviewer: Would you tell me how you solve the problem? [Point to the triangle of Q2 shown in

the test.]

Interviewee: ...[Thinking but no response.]

Interviewer: OK. Look, let’s use the 1-cm” square units on the 1-cm’ blocks to tile the triangle.
[Take the blocks to cover up the height, 2 cm, of the triangle.] See, these blocks cover
up exactly this side. Next, the other side is 8 cm [point to the base of the triangle]. How
many blocks are needed to cover up this side?

Interviewee: §.

Interviewer: Good. 8 blocks. A figure with a length of 8 cm and a width of 2 cm can be covered up
completely by the blocks. What shape would it look like?

Interviewee: Rectangle.

Interviewer: Good! However, is this figure [point to the triangle] a rectangle?

Interviewee: No.

Interviewer: Good. What is its size [the triangle] compared with that of the rectangle?

Interviewee: Half.

Interviewer: Good. So, if here is a rectangle with a width of 2 cm and a length of 8 cm, what is its
area?

Interviewee: ...[Thinking but no response.]

Interviewer: Suppose the rectangle was completely covered up by the l-cm® square units. The
length of this side is 2 cm [pointing to the vertical side] and the length of the other side
is 8 cm [pointing to the horizontal side]. How many blocks are needed to cover up this
side [pointing to the horizontal side]?

Interviewee: 8.

Interviewer: Good. When this figure is covered up, what shape would it look like?

Interviewee: Rectangle.

Interviewer: Good. How many blocks are needed to cover up the rectangle?

Interviewee: 16.

Interviewer: Good. However, does the figure shown in the question look like a rectangle?

Interviewee: No.

Interviewer: It is not a rectangle. What is its size compared with that of the rectangle?

Interviewee: Half.

Interviewer: Good. The size of the triangle is half of the size of the rectangle. Then, how do you
measure the area of the triangle?

Interviewee: Divide the measurement by 2.

Interviewer: Good, divide the product of the length times the width by 2.
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