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Abstract

This paper studied and developed credit risk models. Specifically, it focuses on the Merton model, its extensions
model, and the way to survey new structural approach. Firstly, this paper has described the Merton model. And then,
it has reviewed the first-passage model with more focus on default point. Finally, we considered the new structural
approach which stressed that if the firm’s value passes the threshold level b, the firm’s value will continues unless
the value process crosses and spends an exogenous quantity of time b below. We have used the Yildiray Yildirim
model and ruin probability.
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1. Introduction

Credit risk refers to the risk because of unpredictable changes of credit of counterparty risk. The credit worth of a
borrower influence on decision; the firm’s cost of capital, the credit spreads, and the prices of credit and hedge ratios
of credit derivatives, since it is uncertain whether the firm will be able to fulfill its obligation.

The past few years have developed the credit risk modeling which becomes a key component in the risk management
systems at financial institutions. Mostly the financial institutions have a tremendous challenge to expectation of
default. More precisely firms want to clarify the timing of default and knowing that if a firm’s value reached the
barrier level, will the firms facing with default in offing?

There are two basic types of the credit risk literature: structural and reduced form models. Merton’s models (1974)
considered of asset and debt values. He mentioned that if default occurred, the values of assets or shares crosses from
the barrier line of outstanding debt.

First passage model introduced by black & cox (1976).They extended the Merton’s model, which mentioned that, the
firm may default at any time, not only at the maturity date. If the value of firm dropped below the barrier level at any
point before the maturity date, the firm considered to have violated one of the safety covenants’ and the firm
immediately goes into default.

The severity of ruin introduced by Gerber, Goovaerts and Kass (1987) in the classical risk model, where the risk
process is a compound Poisson process, and the premium rate is constant.

Dufresne and Gerber (1988) in the classical risk model, where the risk process is a compound Poisson process, and
the premium rate is constant. They make an explicit formula for the severity of ruin if the claim amount distribution
is a translation of a combination of exponential distributions

Dickson &Waters (1992) showed that calculate the probability and severity of ruin in both finite and infinite time
and explained that how the algorithms can be implement to provide approximate values for the same amounts in the
classical continuous time risk model.

Leland (1994) and Leland & Toft (LT, 1996) develop structural models that include Debt has average maturity T <oo,
Coupon interest is taxing deductible, Default incurs default costs.

The Longstaff and Schwartz (1995) presented that the time varying interest rates in that it allows for a stochastic that
is among other thing means that the yield curve is not flat and generalizing the form of the default barrier to account
for the debt level (Briys and de Varenne, 1997; Hsu et al., 2002; Hui et al., 2003).

Published by Sciedu Press 66 ISSN 1923-4023  E-ISSN 1923-4031



www.sciedu.ca/ijfr International Journal of Financial Research Vol. 4, No. 1; 2013

Yildiray Yildirim (2006) extended block & cox models as new structural models. He mentioned there is a problem of
triggering the default process. Whenever the process is below the barrier, the value process could be below the
barrier but close to the barrier level for the moment. In this situation, the firm will still survive.

This paper concerned about bond issued by governments and firms which is every moment faced with the credit risk.
The first part, we explained the Merton model briefly. The second part, we considered the first passage model and
default time. The third part, we expressed the new structural approach along with analyzed the new structural
approach and finally we focus on the ruin probability and how do we get the probability and severity of ruin. If the
severity of ruin is not high it means that the price of fluctuation is remarkably close to the threshold level.

2. Merton Model
Merton’s models (1974) presumed that the value of the firm, V, through time can be described by a diffusion-type

stochastic process with stochastic differential equation (SDE). We want to compute pricing of bonds issued by a firm
and the firm’s asset as follows by

dV = pV dt + oVt dWt

This equation defines the Brownian motion. To derive an equation for the value f (¥, ¢) of an option, we may start

from equation first. Where V is the total value of the firm, u is the expected continually compounded return on V or

1
drift (i.e., the asset drift), ¢ is the volatility of firm value and dW is a standard Weiner process =ed; or eVdt

( where ¢ is the standard normal distribution).

When we buy a bond we actually buy a cash flow then there is a dividend like income stream § for the holder of the
asset. This dividend yields related to the cash flows generated by the assets in place, the equilibrium equation for the
total expected return g written by

pH=a+30
And then:
dV = (u — §)Vdt + oVeVdt

According to Merton model default time 7 is a discrete variable,

_{T if V,<b
L if else

The firm default occurs if the value of firm’s assets is less than the promised debt repayment at time T. It means that
if the event of default occurs when the firm value reaches and crosses the default barrier which is the face value of
the debt. Under Merton’s model, default cannot take place before the maturity of the debt. If default occurred
before maturity of date under Merton’s model assumption the default do not take place, whereas we will see a later
that, under first passage model, the default can take place before the end of period.

However, under both of those models assumptions, if the firm is getting into financial difficulty and the price of
share or the firm’s value crosses the default barrier, the firm would not be survive anymore. In this paper wants
follows the Yildiray Yildirim model who has considered that if the firm’s value crosses the default barrier at first
time it can be surviving under specific conditions. He proposed a new extension to the structural model. The default
is that take place the first time that the cumulative area of the process below a threshold barrier exceeds an
exogenous level.

3. First Passage Models

These models introduced by Black and Cox (1976) as extending of the Merton models .it says that the firm facing
with default before the maturity date, not only at the end of contract. According to this model a time dependent to
default threshold and assume that the default threshold is a constant(K > 0). If we have normal condition, no default,
and V; > K it means that value of the firm at time ¢ is greater than of default threshold, then the time of default
given by

T = inf{s > t|V; < b}

According to standard Brownian motion (W = {W (t)};50); W (0) = 0.we defines level-k first passage times:
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% (0) = 0;
x(n + 1) = inf{t > tx(n): [W(t) — W(tx(n))| = b}
The default probability from time 7 to time T given by

K

Pt < Tlt > t] = ®(c;) + exp {2 (r — 07‘2/> In <—) cl\z,} ®(cy)

Where

K 0%
In (—er@-r)vt) +3 (-1

GVvT_t

The default threshold is always positive, and it would be deterministic and exogenously fix when the firm issued
their bond. Black and Cox (1976) consider a time dependent default barrier given bye ™¥T~9K, and also the default
threshold is to consider y = r(Kim, Ramaswamy and Sundaresan (1993), and Longstaff and Schwartz (1995)
consider the default threshold is constant) the default barrier given by

D = he Y(T-9

,andc, =c¢; —oyVT —t

C =

Where ythe growth rate of the firm’s liabilities and b is responsible for capturing the liability structure of the firm
particularly, finding default barrier is the crucial challenge for any firm. Similarly as already expression for the FPM,
the default takes place any time before the maturity date. The reverse, in the Merton’s models (1974) the default
occurs only end of maturity date, which is not reality in the fact of market. Meanwhile, we assume that the asset
price of firm follows the Brownian motion in the derivatives market. Newly, Yildiray Yildirim (2006) proposed a
new extension of the structural model and used the excursion theory. He defined default as a first time the process
spends constant unit of time below the barrier for that time (short-time) the firm can still survive and consider the
distress clock is not set zero.

4. New Structural Approach

Yildiray Yildirim (2006) model considers continual treading economy, free and risky coupon bonds with the interval
[0, T]. There is a filtered probability space (Q.F,(F/)o<;<r Q) which, the probability Q is an equivalent martingale
probability measure and the price of securities follow a martingale. The firm’s asset follows elementary stochastic
differential equation;

dV, = odW,, Vo =X
Where x > 0,0 > 0, and W is a standard Brownian motion.
This model refers to time of default which is divided three ways: first way, default materialize the first time of the
firm value (asset) crosses the barrierb, T = inf{t > 0:V; = b} Second way, default will happen when the firm value

process spends an exogenously given amount of time (b) below the barrier (&) for the first timer = inf{t >
0: fot Ly<ny 2 b}. Third way, Default occurs the first time the firm value process spends an amount of time after

hitting the barrier.

It is so similar to excursion, then if g2 = sup{s < t:V; = b} is the last time that the firm value crosses barrier
before time £ then default happening the first time process spends b/ unit of time below the barrier,t = inf{t >
0:(t—g2) = b} .

For the first way, the firm default is imminent or the default will be happening but for the second and third ways, if
total time under the barrier widens default will occur. However, under this assumptions default depends on time
spent below the barrier and respect of this issue the firm still survive whereas the firm value stays under the barrier
level. Now, we want to compute the total loss firm value in the threshold level at time £ it could be cumulative area
of the firm asset below the threshold level 4,

t
At = f Vsl{VS<b}dS
0
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A firm still exists before actual default, however, facing with this loss. Default time with respect of A;, is given by

T = inf{t > 0: A, > b}
This formula shows, at thei first time the firm value stay under the threshold level, 4, and the total loss firm value
exceeds exogenous level b. The firm value can stay below the barrier point for some time. According to Yildiray
Yildirim, the firm’s value hits a barrier and stays under the barrier for an extended of time which is a difference
between the excursions set up.

5. Ruin Probability

In this paper, we apply the concept of ruin probability for explain idea. First, we demonstrate a classical surplus process
in continuous time.

The risk process of an insurance company in the classical way (e.g., GERBER [21] ASMUSSEN [20]):

N¢
Vt=x+ct—ZXi
k=0

The surplus process (V;)in continuous time{V; };,.it is given by a Poisson process with intensity A and by a positive
random variable X, i = 1,2, ...are clime size which are independent and identically distributed non-negative random
variable that are also independent of N,. Meanwhile x > 0 is the initial reserve, cis a constant rate of premium
payment, N,. number of claim up to time t. According to Dickson& Waters the passion parameter is land that the
mean individual claim amount is also 1. We follow discrete time stochastic process {V(n)},-, donates the surplus
at time n given an initial surplus of (0) = x, the always to be non-negative integer. The time until ruin for this
process is defined as follows

T =min{n:V(n) <0,n=12,..}
=o0wifV(n) >0 foralln>0

DICKSON AND WATRES (1991) considered that if initial surplus is 0 whether ruin does not appear at time 0 but
will occur at time 1 unless the aggregate claims in the first time are 0. We looked for the probability and severity of
ruin for this process, i.e. the probability that ruin occur and that the surplus at the time of ruin does not fall below b
or—y. we define the probabilities of ruin in finite and infinite time for this process are donated ¥ (x,t) and Y (x)
respectively and are defined as follows

Y(x,t) = P[T < t]
P(x) =P[T <]

The probability and severity of ruin in infinite and finite time are donatedG(x,y) and G(x,y,t), respectively.
Where y is a positive integer, we are defined as follow

G(x,y) =P[T<ow and —V(T)<b]
Gx,y,t)=P[T<t and —V(T)<Db]

We need to calculate the probability and severity of ruin in finite and infinite time, because we believe that if the
severity of ruin does not high, default has not occurred. If the value process fluctuated close to the threshold level for
some time, according to Yildiray Yildirim (2006), the company capable recovers themselves in the future, in fact, it
will be remain.

We looked for time of ruin which represents time of the surplus process falls below the threshold level. Since we
assume that ¢ < Ap the surplus process will go to infinity with probability one. The surplus process can fluctuate
under the barrier, yet be very Close to it. This does not necessarily qualify a firm to be in default. It would be
interesting to find severity of ruin which is closed to (not very strong) the threshold level, the ruin has not occurred
for some time. We follows Gerber: if ruin occurs, sometimes its severity is not very high and the company can have
enough funds available to support some negative surplus for some time, in the hope that the portfolio will recover in
the future. This allows the company to keep this business alive.

The initial capital x is positive. When the process reaches the threshold level that is less or equal tob = —c/8J, the
income would become negative.
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NOTATION: for k =1,2,... we donate by f, and F (k) the probabilities that the aggregate claims in a single time
period are equal to k and are less than or equal tok, respectvily.

We’ve deliberately ignored the probability and severity of ruin in finite time, just focus on the probability and
severity of ruin in infinite time.

5.1 The Probability and Severity of Ruin in Infinite Time
Aggregate claims in the first unit it follows DICKSON &WATERS (1992)

x x+b
G(x,b) = ijG(x +1-j,B)+ Z f forx=123..
7=0 J=x+1

- ijG(x+ 1-J,B)+F(x +b) - F(x)
=0

Hence

G(x+1,b) = fe (Tieo fiG(x+1—j,b) + F(x) —F(x + b)) for x=123,.. (5.1
We can calculate values of G (x, E) recursively from (2.1).we can calculateG (O, B), since
G(0,b) = f,G(1,b) + F(b) — F(0)
And hence
G(1,b) = f7(G(0,b) + F(b) — F(0))
We can find G(0,b) with similar method of DUFRESNE (1988), for fixed value of b, define
d(0) =6(0,b) and
d(x) =G(x,b) = G(x—1,b) forx=123,..
Then

x-1

d(x) = Z Fd(e+1 =)+ f.GALB) + frs — fo  for x=123, ..

J=0
x—-1

= fidGe+ 1= ) + faus = fo + £:d(0)
J=0

Also, note that

G(0,b) = d(0) = f,G(1,b) + F(b) — F(0) (5.2)
= fod(1) + fod(0) + F(b) — F(0)
Define J(s) = X3Los*d(x) and H(s) = XiLos™ fx
Both of them generating function exist for|s| < 1.
Then J(s) = d(0) + X2 ,5%d(x)

[oe]

= D S RAO) + ) fidCx+ 1+ D) + D 5 (Farp = f) + fod (1) + fod () + F(B) = f
j=0 x=1

x=1

Then (5.1) and (5.2)
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X ©co oo

- is"ijd(x +14))+ Zs"fxd(O) + i S frsb — stfx + F(b)

x=1 j=0 x=0 x=0

- Z SEY fid(x +1+) + (d(0) — DH(s) + Z S fos +F(B—1)

x=1 j=0 x=0

X

= sTHE(() = d(0) + (@d(0) = DH(S) + Y ™ Frap + F(B— 1)
x=0

And hence

Y05 e tF(b=1)=s"1H(s)d(0)+(d(0)~1)H(s)
- 1-s71H(s)

J(s)

(5.3)

Not that (1) = lim,_. G(x,b) = 0, and that H (1) =1. We can find d(0) from (5.3) by setting s = 1 and then
both numerator and denominator of (5.3) are zero.by applying L, Hospital’s rule we will have

d(0) = i Xfy — i Xfx+b
x=0 x=0
b 0 -
=Y f+h ) fi=
j=1 j=b+1

ie. G(0,b) = ¥Pz(1 - F(j)) (5.4)
We can calculate G(O, 5) as it explained in terms of the distribution function of aggregate claims per unit time. If
b — oo on the right hand side of (5.4) then we find the mean of distribution, i.e.1/(1 + 6).

Integration equation of GERBER et al (1987), we find that,

(S

A-F()

1
0

-
Il

G (0,6) =2[7(1 - P))dx (5.5)

Where A is the passion parameter, ¢ is the premium income per unit time and P(x) is distribution function of
claim amounts. The right hand side of (5.5) shows the expected of retained aggregate claim amount per unit time
under excess of loss reinsurance with threshold level b.divided by the premium income per unit time before
reinsurance. The right hand side of (5.4) shows the expected retained aggregate claim amount per unit under stop
loss reinsurance with threshold level b divided by the premium income per unit time before reinsurance.

According to the both, DICKSON &WATERS (1992) & GERBER et al (1987), if the probability and severity of
ruin occurs, its severity is not high for some time the company would have recovery. According to Yildiray Yildirim
(2006), the financial distress level Aat time t, default is defined as © = inf{t > 0:A¢ > B} the company still
survives in financial distress for some time. When the surplus process reaches the level and passesb, the income
would become non-positive, so the company would have not possibly of recovery for some time. Let A; be total
loss in insurance company value with respect to an exogenous level at time t, which is the cumulative area of risk
process below the level b.

t
At = J. Vsl{VS<b}dS
0

The GERBER introduced the function
G(x,b) =Pr(T < o0,b <V(T) <0)
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The probability that ruin occurs and that the deficit at the time of ruin is less than b. The corresponding density as a
follow

d
g(x,b) = %G(x, b)

Thus g(x,b)db is the probability that ruin occurs and that V(T)will be between band b + db.if the value process
stay between 0 and b, (0 < V(t) <b) .The Company can survive with this loss for some time before it default.in
fact, that the severity of ruin for some while is not so high, and the risk process stays under the barrier level for a
short time. This new definition of default overcomes the obstacle of default right after passing the threshold, and lets
the firm survive even if it passes the distress level. If one has the distribution of this area, then one can price default
able securities. (See Yildiray Yildirim 2006).

6. Conclusion

The previous versions structural models like Merton model, if the values process below the threshold level is less
than the values process above the threshold default in the end of maturity, we known as default. The first passage
model, it seems a little bit different status it means that the firm’s value can be faced default any time, during of a
debt. The new structural approach refers to that if the value process passed the threshold level; it didn’t means that
the default occurred so the firm would survive for some time. We used the probability of ruin to explain this situation.
If the ruin occurred sometimes its severity was not particularly high, and the company can have enough funds
available to support some negative surplus for some time. The default is triggered the first time that the cumulative
area of the process, means that the price of below a threshold level.
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Figure 1. Brownian motion with the threshold level from t=0 to maturity date (Using MATLAB software with two
paths)

Published by Sciedu Press 73 ISSN 1923-4023  E-ISSN 1923-4031



www.sciedu.ca/ijfr International Journal of Financial Research Vol. 4, No. 1; 2013

L8
A P , L
| 1 /1 i - ;
x . / 1 /1 v "
1 7 ! /[ vV 1
v 1 /
1 L -
1 7
! / i
: // 1
!
1 /1| / : /l \
: / i S I;/ 1 / \
1/ 1
v vV v \
- ‘_\I_ =
\
\
\

Figure 3. The interpretation g(x,b)db according to GERBER
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