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Abstract 

In order to hedge price-fluctuation risks, to derive fair prices, and to operate funds as a new asset class, both 
expectations and concerns about commodity markets have been increasing. This paper proposes a sufficient 
condition for the absence of rational bubbles in the commodity market: that the first differences of real prices are 
stationary. This condition is proposed on the assumption that products of the convenience yield and the real prices 
are stationary. By applying this approach to the US crude oil and natural gas markets from 3 January 2007, to 30 
December 2011, the absence of rational bubbles in both markets can be verified. One should interpret these large 
price fluctuations as caused by much larger income elasticity than price elasticity. These prices reflect the 
fundamental values of these commodities. 
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1. Introduction 

1.1 Rational bubbles 

The fundamental value of a security can be defined as the present value of all future cash flows associated with that 
security, according to standard financial asset pricing theory. In general, the difference between the actual price of an 
asset and its fundamental value is called a bubble. Since in an efficient market, all information will be immediately 
reflected in prices, only unexpected information would be able to create price variances. However, stock price 
volatilities may sometimes increase stupendously even in the complete absence of surprising news. This could be 
because market players often trade in securities in line with reasonable expectations of price fluctuation, although 
they themselves may have reasonable and sufficient knowledge of the fundamental value. This sort of behavior 
causes rational bubbles. Furthermore, sometimes securities are traded without a rational judgment of fundamental 
value, and such behavior could cause irrational bubbles. 

Since Blanchard and Watson (1982) initially proposed the model of rational-expectation bubbles, various models and 
tests have been studied and introduced. Many papers have also examined the presence of rational bubbles in actual 
financial markets, addressing stock prices, stock indices, exchange rates and hyper-inflation, among other matters. 
However, few papers have investigated rational bubbles in areas other than financial markets: Chan, Lee and Woo 
(2001), Chen (2001) and Xiao (2007) analyzed the real estate market; Bertus and Stanhouse (2001) examined 
rational speculative bubbles in the gold market; and Gilbert (2010) analyzed bubbles in the crude oil, aluminum, 
copper, nickel, wheat, corn and soybean markets. 

Campbell and Shiller (1987), Diba and Grossman (1988), Crain (1993), Campbell (2000) and Fukuta (2002) propose 
certain techniques to test whether the features of rational bubbles are consistent with the processes inherent in certain 
variables (e.g., dividends, prices, returns and fundamental value). The proposed techniques address the restrictions 
necessary for the absence of rational bubbles. Therefore, any conclusion that these necessary conditions have not 
been satisfied would determine the existence of rational bubbles. In contrast to these studies, Fukuta (1996) considers 
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the sufficient conditions for the absence of rational bubbles in the stock market. A conclusion that these sufficient 
conditions have been met would determine the absence of rational bubbles. Given these, the necessary conditions 
approach is useful to determine the presence of rational bubbles, and the sufficient conditions approach is useful to 
determine the absence of rational bubbles. 

1.2 Commodity markets 

Tangible assets such as energy, resources, metals and grain are called commodities; one can trade these assets in not 
only their original form but also their various derivative forms on the New York Mercantile Exchange (NYMEX), the 
Chicago Board of Trade (CBOT), the London Metal Exchange (LME), the Intercontinental Exchange (ICE) and the 
like. 

Since the intrinsic value of a commodity is meant to be consumed, the features of its price fluctuations differ from 
those of a financial asset. In particular, it is well known that the prices of futures have a characteristic term structure. 
Commodity prices are formed by considering not only supply-and-demand trends, stocks, seasonality and speculative 
trading but also carrying costs and consumption convenience. 

Recently, both expectations and concerns about commodity markets have been increasing, in general, for three 
reasons. First, the demand for derivatives—such as futures, options and spreads—is growing; these derivatives are 
used principally to hedge price-fluctuation risks in raw material and final product markets. Commodity prices are 
influenced by not only the demand-and-supply balance but also political, economic and weather conditions. Besides, 
large fluctuations in commodity prices have a significant impact on the profitability of companies handling those 
commodities. Therefore, companies use commodity markets as a means to mitigate their price-fluctuation risks. 

Second, commodity markets are expected to derive fair prices. Since a large number of players—including private 
and institutional investors—are involved in commodity markets, in addition to companies that actually trade in 
tangible assets, a significant amount of data on listed commodities are aggregated. As a result, one can expect the 
formation of fair and clear prices. Moreover, one can use these prices as reliable benchmarks. 

Third, commodities have gained importance as a new asset class in fund operations. Commodities are considered to 
have a low degree of correlation with traditional financial assets such as stocks and bonds; they are also considered a 
strong hedge against inflation. Therefore, they are increasingly important as a class of alternative investments. Hence, 
commodities are often included in the asset portfolio of firms along with conventional investments. 

1.3 Motivation and objective 

Previous studies have scarcely examined the bubble in commodity markets, which are garnering much attention; on 
the other hand, the bubble in traditional financial markets has been very frequently studied for about 20 years, 
through various empirical approaches. Moreover, the sufficient conditions for the absence of rational bubbles in 
commodity markets have not been tested. There is no dividend or theoretical fundamental value in the commodity 
market. One can consider this an obstacle to the fruitful study of bubbles in the commodity market. 

Consequently, by extending Fukuta’s (1996) model to the commodity market, this paper proposes a sufficient 
condition for the absence of rational bubbles in the commodity market. By applying this approach to the West Texas 
Intermediate (WTI) and the Henry Hub (HH) future prices on the NYMEX, one can conclude that there is no rational 
bubble therein. 

The remainder of this paper is organized as follows. Section 2 explains the methodology in applying Fukuta’s (1996) 
model to the commodity market. Section 3 provides an examination of the US crude oil and natural gas markets, and, 
finally, Section 4 summarizes the contributions of this study. 

2. Approach to the commodity market 

2.1 Fukuta’s model 

Fukuta (1996) states that if the risk premium and real interest rates are stationary, the stationarity of the first 
differences of real stock prices is a sufficient condition for the absence of rational bubbles. 

Consider the following standard noarbitrage condition in the stock market: 

ሻ൫1ݐሺߨ ൅ ሻݐሺݎ ൅ ሻ൯ݐሺߩ ൌ ݐሺߜሺܧ ൅ 1ሻ ൅ ݐሺߨ ൅ 1ሻ|ܫ௧ሻ (1) 

where ߨሺݐሻ is the real stock price at the beginning of period ݎ ,ݐሺݐሻ is the real risk-free interest rate at period ݐ, 
ݐሺߜ ,ݐ ሻ is the risk premium at periodݐሺߩ ൅ 1ሻ is the real dividend paid to the owner at the end of period ݐ, and 
·ሺܧ  .ݐ ௧ሻ is the market’s expectations conditional on information available at periodܫ|
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If ݎሺݐሻ and ߩሺݐሻ are stationary, both the variables have unconditional means. One can then consider ݎ and ߩ as 
the unconditional means of ݎሺݐሻ and ߩሺݐሻ, respectively, and rewrite Equation 1 as 

ሻݐଵሺߦ െ ሻݐଶሺߦ ൅ ሺ1 ൅ ݎ ൅ ሻݐሺߨሻߩ ൌ ݐሺߜሺܧ ൅ 1ሻ ൅ ݐሺߨ ൅ 1ሻ|ܫ௧ሻ (2) 
where ߦଵሺݐሻ ൌ ሻݐሺݎሻ൫ݐሺߨ  ൅ ሻݐଶሺߦ ሻ൯ andݐሺߩ ൌ ݎሻሺݐሺߨ ൅  ሻ. Equation 2 can be rewritten asߩ

ሻݐሺߨ ൌ ݐሺߜሺܧ൫ߚ ൅ 1ሻ ൅ ݐሺߨ ൅ 1ሻ|ܫ௧ሻ െ ሻݐଵሺߦ ൅  ሻ൯ (3)ݐଶሺߦ
where ߚ ൌ ሺ1 ൅ ݎ ൅  ሻିଵ. Next, applying a recursive forward substitution to Equation 3, one can derive theߩ
following equation: 

ሻݐሺߨ ൌ ܧ ൭෍ ݐሺߜఏାଵ൫ߚ ൅ ߠ ൅ 1ሻ െ ݐଵሺߦ ൅ ሻߠ ൅ ݐଶሺߦ ൅ ሻ൯ߠ

∞

ఏୀଵ

อܫ௧൱

൅ lim
ఏ՜∞

ݐሺߨሺܧఏାଵߚ ൅ ߠ ൅ 1ሻ|ܫ௧ሻ 

(4) 

where the first term on the right-hand side is the fundamental component of the share price, and the second term is 
the rational bubble component. Therefore, the absence of a rational bubble means that 

lim
ఏ՜∞

ݐሺߨሺܧఏାଵߚ ൅ ߠ ൅ 1ሻ|ܫ௧ሻ ൌ 0 (5) 
If the first difference of a real stock price is stationary, then one can conclude that 

ሻݐሺߨ∆ ൌ ߤ ൅  ሻ (6)ݐሺߝ
where ∆ߨሺݐሻ is the first difference of a real stock price, ߤ is the drift term, and ߝሺݐሻ is the stationary error term. 
One can rewrite Equation 6 as 

ሻݐሺߨ ൌ ݐሺߨ െ 1ሻ ൅ ߤ ൅  ሻ (7)ݐሺߝ
Equation 7 can be rewritten as 

ݐሺߨ ൅ ߠ ൅ 1ሻ ൌ ሻݐሺߨ ൅ ߠሺߤ ൅ 1ሻ ൅ ෍ ሺ߱ሻߝ
௧ାఏାଵ

ఠୀ௧ାଵ

 (8) 

Finally, by substituting Equation 8 in the second term on the right-hand side of Equation 4, one can obtain the 
following rational-bubble component: 

lim
ఏ՜∞

ሻݐሺߨ ൅ ߠሺߤ ൅ 1ሻ ൅ ∑ ሺ߱ሻ௧ାఏାଵߝ
ఠୀ௧ାଵ

ሺ1 ൅ ݎ ൅ ሻఏାଵߩ  (9) 

Equation 9 converges to 0, because the numerator grows more slowly than the denominator as ߠ approaches infinity. 
Hence, one will find the absence of rational-bubble behavior. 

2.2 Convenience yield 

When testing for the absence of rational bubbles in the commodity market through Fukuta’s (1996) approach, the key 
concept is convenience yield. Financing cost is not the only factor that can cause differences between futures and 
spot prices; the costs and benefits of holding a commodity asset that can be consumed immediately also can affect 
futures and spot prices. In other words, the higher the inventory cost becomes, the more sharply the value of futures 
increases, relative to spot values. Conversely, the larger the advantage of a real asset that can be utilized immediately 
becomes, the more substantially the value of futures decreases in relation to spot values. This possession value, 
expressed in yield form, is defined as convenience yield; it is the earnings that only the spot holder can obtain. 
Similarly, in the stock market, one cannot acquire dividends with futures over the long term; one can receive 
dividends only on stocks. Therefore, convenience yield in the commodity market can be interpreted as dividend yield 
in the stock market. However, it is difficult to analyze a convenience yield directly. Therefore, we estimate a 
convenience yield by calculating backward from the difference between the future and spot prices. 

Supposing ݏሺݐሻ is the spot price at the beginning of period ݐ, the cost to keep ݏሺݐሻ for one term can be written as 
ሻݐሺݎ ൅ ݄ሺݐሻ െ ܿሺݐሻ, where ݎሺݐሻ is the risk-free interest rate, ݄ሺݐሻ is the holding cost expressed by yield, and ܿሺݐሻ 
is the convenience yield at period ݐ. Using these, ݂ሺݐሻ, the future price at the beginning of period ݐ, whose maturity 
is ܶ, can be described as follows: 

݂ሺݐሻ ൌ  ሻ݁ሺ௥ሺ௧ሻା௛ሺ௧ሻି௖ሺ௧ሻሻሺ்ି௧ሻ (10)ݐሺݏ
Since both ݄ሺݐሻ and ܿሺݐሻ are unobservable, ܿሺݐሻ െ ݄ሺݐሻ can be defined as the net convenience yield ݕሺݐሻ. 
Substituting ݕሺݐሻ ൌ ܿሺݐሻ െ ݄ሺݐሻ into Equation 10, one can solve ݕሺݐሻ as follows: 

ሻݐሺݕ ൌ ሻݐሺݎ െ
1

ܶ െ ݐ
ln

݂ሺݐሻ

ሻݐሺݏ
 (11) 

With Equation 11, one can calculate ݕሺݐሻ from ݂ሺݐሻ and ݏሺݐሻ, both of which are observable variables. Equation 11 
is described under continuous compounding. By conversion, one can use ݁௬ሺ௧ሻ െ 1 as the net convenience yield 
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under discrete compounding. Therefore, the expected holding return in the commodity market is ݏሺݐሻ൫݁௬ሺ௧ሻ െ 1൯. 
2.3 Application to commodity market 
Before investigating the sufficient condition for the absence of rational bubbles in the commodity market, we need to 
examine the assumption that both the real risk-free interest rate and risk premium are stationary. From Equation 1, 
which implies that the real expected holding return on a stock is equal to ߨሺݐሻ൫ݎሺݐሻ ൅  ሻ൯, one can conclude thatݐሺߩ
if the dividend were stationary, then ߨሺݐሻ൫ݎሺݐሻ ൅  ሻ൯ would be stationary in the stock market. By analogy, thisݐሺߩ
assumption in the commodity market can be read in a different way, as the stationary process of real ݏሺݐሻ൫݁௬ሺ௧ሻ െ 1൯. 
In other words, one can advance the test for the absence of rational bubbles in ݏሺݐሻ, if the unit root hypothesis of real 
ሻ൫݁௬ሺ௧ሻݐሺݏ െ 1൯ can be rejected. 
A sufficient condition for the absence of rational bubbles in the stock market is that the first difference of a real stock 
price is stationary. Similarly, in the commodity market, by examining the stationarity status of the first difference of 
real ݏሺݐሻ, one can verify the presence of rational bubbles. If the unit root hypothesis can be rejected, one cannot 
conclusively state that ݏሺݐሻ contains a rational bubble. 
3. Examination of US crude oil and natural gas markets 

Since 2007, most of the markets have exhibited unusual trends and high volatility because of the subprime mortgage 
crisis that year, the Lehman crisis in 2008 and the current European sovereign debt crisis. Furthermore, since 2007, 
the concern for energy supply due to geopolitical instability has been swelling, the energy consumption of unstable 
emerging countries has been increasing and the inflow of speculative funds into energy markets due to expansionary 
monetary policy has been escalating. Therefore, the volatility in energy markets has been extremely high during this 
period. 

Our examination of rational bubbles in the US crude oil and natural gas markets is limited to the period from 3 
January 2007, to 30 December 2011. 

3.1 Data 

We use daily data from 3 January 2007 to 30 December 2011, for this study. Crude oil prices, cited in US dollars per 
barrel, are the closing prices of future contracts specifying the earliest delivery date (future contract 1) and the 
successive delivery months (following future contract 1) (future contract 2) of WTI in NYMEX. Natural gas prices, 
cited in US dollars per million British thermal units, are the closing prices of future contracts specifying the earliest 
delivery date (the future contract 1) and the successive delivery months (following future contract 1) (future contract 
2) of HH in NYMEX. Risk-free interest rates, given as percentage values per annum, are the market nominal yields 
on the US treasury securities at one-month constant maturities. 

The discount rate to realize the value of prices and rates, given as an annual percentage change, is the US Consumer 
Price Index (CPI). 

Datasets containing crude oil prices, natural gas prices, risk-free interest rates and discount rates were obtained from 
the websites of the US Department of Energy’s Energy Information Administration (Note 1), the US Board of 
Governors of the Federal Reserve System (Note 2) and the US Department of Labor’s Bureau of Labor Statistics 
(Note 3). 

3.2 Empirical results 

The mutual relationships between futures with different maturities are described as follows: 

ܻሺݐሻ ൌ ሻݐሺݎ െ
1

ଶܶ െ ଵܶ
ln

,ݐሺܨ ଶܶሻ

,ݐሺܨ ଵܶሻ
 (12) 

where ܻሺݐሻ is the continuous convenience yield of ܨሺݐ, ଵܶሻ, ܨሺݐ, ଵܶሻ is the price of future contract 1, and ܨሺݐ, ଶܶሻ 
is the price of future contract 2 at date-ݐ. 
Hence, one can express the real expected holding return on future contract 1, ݈ܽ݁ݎ_ܴሺݐሻ, as follows: 

ሻݐሺܴ_݈ܽ݁ݎ ൌ
1

ሻݐሺܫܲܥ
ܵሺݐሻ൫݁௒ሺ௧ሻ െ 1൯ (13) 

where ܫܲܥሺݐሻ is the CPI for the month containing date-ݐ, assuming that the CPI for January 2007 is unity. 
The stationarity status of ݈ܽ݁ݎ_ܴሺݐሻ is then tested. Various types of unit root tests have been developed; however, it 
is not easy to say which unit root test technique dominates in terms of power. Therefore, we use the augmented 
Dickey and Fuller (ADF) test, one of the most frequently used authorization techniques. We determine the 
appropriate lag orders by minimizing the Schwarz information criterion (SIC). Table 1 lists the summary statistics of 
 ሻ, and Table 2 reports the results obtained by applying the ADF test to these variables. The unit rootݐሺܴ_݈ܽ݁ݎ
hypothesis for each variable is rejected in all cases at the 1% significance level. Therefore, it is possible to examine 
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the sufficient condition for the absence of rational bubbles. 
The first differences of real ܨሺݐ, ଵܶሻ are then calculated to test for the absence of rational bubbles. 

∆൫ܨ_݈ܽ݁ݎሺݐ, ଵܶሻ൯ ൌ
1

ሻݐሺܫܲܥ
,ݐሺܨ ଵܶሻ െ

1
ݐሺܫܲܥ െ 1ሻ

ݐሺܨ െ 1, ଵܶሻ (14) 

The summary statistics of ∆൫ܨ_݈ܽ݁ݎሺݐ, ଵܶሻ൯ are shown in Table 1. The results of the ADF unit root test applied to 
each variable are reported in Table 3. Appropriate lag orders are determined by minimizing the SIC. We could find 
that, in all cases, the results for each series showed a trend toward rejecting the unit root hypothesis. One can 
therefore conclude the absence of rational bubbles in both the WTI and HH future contract 1 markets. 
3.3 Considerations 

If the noarbitrage condition Equation 1 is not satisfied, or the crude oil and natural gas markets are not efficient, the 
prices might contain irrational bubbles. However, this paper does not study whether or not the crude oil and natural 
gas markets are efficient; this problem we leave for future studies. 

Our results indicate that there was no rational bubble in the WTI and HH future prices between the beginning of 
2007 and the end of 2011. Figure 1 provides the time plots of these variables. Large price fluctuations can be 
observed. However, one should not assume from this that a bubble has occurred and disappeared. One should 
interpret these large price fluctuations as caused by much larger income elasticity than price elasticity. In fact, even if 
the price of crude oil and natural gas soared from 2007 to 2008, the consumption did not decline because the world 
economy grew greatly during this period. Moreover, when these prices declined from 2008 to 2009, the demand 
decreased with the economic recession. Table 4 presents the gross world product (GWP), the average price of WTI 
and HH, and the world demand of crude oil and natural gas from 2007 to 2009. These prices reflect the fundamental 
values of these commodities. 

In this study, the expected holding return does not have a unit root, and therefore, the cointegration methodology 
cannot be applied. If products of the convenience yield and the prices were not stationary, the cointegration technique 
could be used in order to test for the presence of rational bubbles in these markets. 

4. Concluding remarks 

This paper first proposes a technique to examine rational bubbles in the commodity market, and the technique is then 
used to test for rational bubbles in the US crude oil and natural gas markets. The results indicate the absence of 
rational bubbles in the WTI and HH future markets between the beginning of 2007 and the end of 2011. In particular, 
the WTI future prices are consistent with Gilbert (2010), which found no evidence for bubbles in the WTI future 
market over the period 2006–2008. 

Campbell and Shiller (1987), Diba and Grossman (1988), Crain (1993), Campbell (2000) and Fukuta (2002) outline 
the features of rational bubbles in the conventional financial market. However, these studies present only the 
necessary conditions; therefore, their models cannot directly prove the absence of rational bubbles. On the other hand, 
Fukuta (1996) shows a sufficient condition for the absence of rational bubbles in the stock market. Although this 
approach allows for testing for rational bubbles elsewhere, an examination of the commodity market is somewhat 
peripheral to Fukuta’s subject, because Fukuta’s sufficient condition requires that the time series of the dividend be 
analyzed. 

Therefore, most previous studies on rational bubbles have examined only traditional financial markets. Rational 
bubbles in commodity markets have scarcely been investigated to date, because commodities do not have an explicit 
or substituted dividend. 

This study led to the development of a technique to test for rational bubbles in the commodity market by interpreting 
the dividend yield of a commodity as the convenience yield, from the analogy that the essence of dividends is the 
holding return. 

We expect future research to examine the presence of rational bubbles in commodity markets other than of crude oil 
and natural gas, because this study’s technique is applicable only if a commodity has futures with different contract 
terms. Moreover, when the expected holding return is not stationary, the presence of bubbles in commodity markets 
may be investigated by applying the cointegration model, as previous papers have proposed. 
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Notes 

Note 1. The US Department of Energy’s Energy Information Administration’s websites are located at 
http://www.eia.gov/dnav/pet/pet_pri_fut_s1_d.htm and http://www.eia.gov/dnav/ng/ng_pri_fut_s1_d.htm. 

Note 2. The US Board of Governors of the Federal Reserve System’s website is located at 
http://www.federalreserve.gov/datadownload/Choose.aspx?rel=H15. 

Note 3. The US Department of Labor’s Bureau of Labor Statistics’ website is located at 
ftp://ftp.bls.gov/pub/special.requests/cpi/cpiai.txt. 
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Table 1. Summary Statistics 

 WTI HH 

Statistics ݈ܽ݁ݎ_ܴሺݐሻ ∆൫ܨ_݈ܽ݁ݎሺݐ, ଵܶሻ൯ ,ݐሺܨ_݈ܽ݁ݎሻ ∆൫ݐሺܴ_݈ܽ݁ݎ ଵܶሻ൯

Observations 1,250 1,249 1,250 1,249 

Mean –5.26 0.02 –1.07 –0.00 

Median –5.24 0.06 –0.86 –0.01 

Maximum 264.16 15.15 1.27 1.08 

Minimum –35.32 –13.24 –4.94 –0.94 

SD 12.68 1.96 1.11 0.18 

Skewness 7.70 –0.07 –1.24 –0.12 

Kurtosis 164.76 8.90 4.75 6.65 

Jarque–Bera 1375 [0.00] 1815 [0.00] 478 [0.00] 696 [0.00] 

ܳሺ5ሻ 2515 [0.00] 15.76 [0.00] 5416 [0.00] 10.45 [0.06] 

Note: The values in brackets are the p-values. 

ܳሺ5ሻ is a test statistic for the null hypothesis; it indicates that no autocorrelation exists, up to order 5, for 

standardized residuals. 

 

Table 2. ADF Unit Root Tests: ݈ܽ݁ݎ_ܴሺݐሻ 

Exogenous 

variables 

WTI HH 

lags t-statistics p-values lags t-statistics p-values 

None 6 –4.06* 0.00 1 –2.84* 0.00 

Constant 6 –4.50* 0.00 1 –3.84* 0.00 

Constant + trend 6 –4.66* 0.00 1 –3.97* 0.00 

Note: * indicates that the unit root hypothesis was rejected at the 1% significance level. 

 

Table 3. ADF Unit Root Tests: ∆൫ܨ_݈ܽ݁ݎሺݐ, ଵܶሻ൯ 

Exogenous 

variables 

WTI HH 

lags t-statistics p-values lags t-statistics p-values 

None 0 –37.26* 0.00 0 –37.85* 0.00 

Constant 0 –37.25* 0.00 0 –37.85* 0.00 

Constant + trend 0 –37.23* 0.00 0 –37.84* 0.00 

Note: * indicates that the unit root hypothesis was rejected at the 1% significance level. 
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Table 4. Relationship between demand, price, and income 

  crude oil  natural gas  

year GWP 

[trillion dollars] 

price 

[dollars/bbl] 

demand 

[trillion bbl] 

price 

[dollars/MBTU] 

demand 

[trillion CBM] 

2007 55.9 72.4 31.6 7.12 2.94

2008 61.2 99.8 31.7 8.90 3.01

2009 58.0 62.1 31.2 4.16 2.94

Note: The GWP was obtained from the United Nations’ National Accounts Main Aggregates Database. 

The demand of crude oil was obtained from the International Energy Agency’s Oil Market Report. 

The demand of natural gas was obtained from the BP, Statistical Review of World Energy. 

 

 

Figure 1. Time-series plots of the prices 
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